ON THE THIRD CRITICAL FIELD IN GINZBURG-LANDAU 
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Abstract. Using recent results by the authors on the spectral asymptotics of 
the Neumann Laplacian with magnetic field, we give precise estimates on the 
critical field, -ffcs i describing the appearance of superconductivity in supercon- 
ductors of type II. Furthermore, we prove that the local and global definitions 
of this field coincide. Near Hc^ only a small part, near the boundary points 
where the curvature is maximal, of the sample carries superconductivity. We 
give precise estimates on the size of this zone and decay estimates in both the 
normal (to the boundary) and parallel variables. 
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1. Introduction 



1.1. Setup and results for general domains. 

Our main motivation comes from superconductivity. As appeared from the works 
of B ernoff- Sternberg PeSt] . Lu-Pan |LuPal[ ITuFal ILuPaSL rLuPa4j . and Helffer- 
Pan 'HePal , the determination of the lowest eigenvalues of the magnetic Schrodinger 
operator is crucial for a detailed description of the nucleation of superconductivity 
(on the boundary) for superconductors of Type II and for accurate estimates of the 
critical field Hc^ ■ If the determination of the complete asymptotics of the lowest 
eigenvalues of the Schrodinger operators was essentially achieved (except for expo- 
nentially small effects) in the two-dimensional case with the works of |HeMo2) and 
|FoHe2| ■ what remained to be determined was the corresponding asymptotics for 
the critical field. We will actually obtain much more and clarify the links between 
the various definitions of critical fields considered in the mathematical or physical 
literature and supposed to define the right critical field. 

The Ginzburg-Landau functional is given by 

E[^, A] = E^.h[^, A] = J^^ {K^^-V'P - + y 1^1' 

+ K'^H'^\cur\A-l\^^dx , (1.1) 

with {i;,A) e iyi'2(f7;C) x W^-^{n;R^) and where = {-iV - A) . 
We fix the choice of gauge by imposing that 

divl^O inn, A-v^Q on dn . (1.2) 

By variation around a minimum for £k,h we find that minimizers {ijj, A) satisfy the 
Ginzburg-Landau equations, 

cur\^A = -jj^iiPV^p -ipVTp) - \ip\'^A 



2A- iu.^:, UA2X> in n- (1.3a) 



^"'f-::' \ on on. (1.3b) 



curlA- 1 = 
Here curl(v4i,^2) — dxiA2 — 9a;2^i, and 

curl '^A = (a^, (curl A) , -d^, (curl A)) . 
Let F denote the vector potential generating the constant exterior magnetic field 



div F = 
curl F = \ 



inn, F-iy = ondn. (1.4) 



It is known that, for given values of the the parameters k, H, the functional £ has 
(possibly non-unique) minimizers. However, after some analysis of the functional. 



one finds (see IGiPhj for details) that given k there exists H{k) such that ii H > 
H{k) then (0,F) is the only minimizer of (up to change of gauge). 
Following Lu and Pan |LuPal| . we can therefore define 

iJ(73(K) = inf{iJ > : (0, F) is a minimizer of ^K./f} • (1-5) 
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In the physical interpretation of a minimizer [ip, A), \ip{x)\ is a measure of the su- 
perconducting properties of the material near the point x. Therefore, Hc^ (k) is 
the value of the external magnetic field, H, at which the material loses its super- 
conductivity completely. 

A central question in the mathematical treatment of Type 11^ superconductors 
is to establish the asymptotic behavior of Hc-iin) for large k,. We will also be 
concerned with this and will, in particular, describe how Hc^iK) can be determined 
by the study of a linear problem. 

Our first result is the following strengthening of a result in [HePaj . 

Theorem 1.1. 

Suppose Q. is a bounded simply- connected domain in with smooth boundary. Let 
kraax be the maximal curvature ofdfl. Then 

^fc3(«) = 7^ + ^fcmax + 0(«;~^) , (1.6) 

where Ci,0o are universal constants. 

When Q is a disc we get the improved estimate 

HcM^^ + ^Kr.. + 0{K-^) . (1.7) 

Remark 1.2. 

The constants Oo,Ci are defined in terms of auxiliary spectral problems which are 
presented in Avvendix \B.^ 

The proof of Theorem II. II is given in Section |31 below. 
Remark 1.3. 

The improvement in (|1.6|l compared to [HePal Theorem 1.1] is in the estimate on 
the remainder which are 0{k~^) instead of 0{k~3). Our result is optimal in the 
sense that the next term depends on detailed geometric properties of the boundary. 
We believe that (at least 'generically') the next term in Hc^in) is of the form cqkT'^ 
where both cq G M and a > ^ depend on dfl. In order to expand Hq^ to higher 
orders we will impose a geometric condition, Assumvtion \l.<A below, on n. 

Our second result is a precise estimate on the size of the superconducting region 
in the case where H is close to, but below, Hc-j. To state it we need a bit of nota- 
tion concerning the boundary, dfl. Let 7 : IR/|9ri| — > be a (counter-clockwise) 
parametrization of dil with |7'(s)| = 1. For s S R/|9r2| we denote by k{s) the cur- 
vature of dil at the point 7(5). For more discussion of these boundary coordinates, 
see Appendix IB .11 Furthermore, we introduce 

fcmax := max k{s) , K{s) := fc,„ax - k{s) . (1.8) 



Furthermore, we define the coordinate t — t{x) that measures the distance to the 
boundary 

t{x) :— dist(a;, dil) . 

Let i/{s) be the interior normal vector to dft at the point 7(5) and define $ : 
R/\dn\ X (0,to) -^nhy 

$(s,t) 7(s) + tiy(s) . 

"'^Superconductors of Type II are the ones for which ft (in our units) is large. 
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Then, for to sufBcicntly small, $ is a diffcomorphism with image 

$(M/|9f7| X (0, to)) = {x e r2|dist(a;, OQ) < to} . 

Furthermore, t($(s, t)) = t. Thus, in a neighborhood of the boundary, the function 
s = s{x) is defined (by {s{x),t{x)) = <I>~^(x)). 

From the work of Helffer-Morame |HeMo2| (see also Helffer-Pan |HePa| for the 
non-linear case) we know that minimizers of the Ginzburg-Landau functional are 
exponentially localized to a region near the boundary (see Theorem 14.11 for a re- 
statement of their results) . Here we prove that minimizers are also localized in the 
tangential variable to a small zone around the points of maximum curvature. The 
size of that zone depends on the order to which the derivatives of the curvature 
vanishes at such points. Our estimate is an improvement of a similar estimate in 

EiFii. 

Theorem 1.4 (Tangential Agmon estimates (non-linear case)). 
Let il be a bounded simply- connected domain in with smooth boundary. Let 
(ipT^) = {'^Pk.Ht ^k,h) be a family of minimizers of the Ginzburg-Landau functional 
depending on the parameters k, H . We suppose that H — H{k) in such a way that 
p :— HcsiK) — H satisfies < p — o(l) as k ^ oo. Then there exist a,C > such 
that if K > C, then 

f xliK^t)e'""'^^^"^\^ix)\''dx<Ce^P^ f \^{x)\'' dx . (1.9) 
Jn Jn 

Here K{s) is the function defined in (|1.8|) . 

The proof of Theorem 1 1 . 41 will also be given in Section [S] 

1.2. Discussion of critical fields. 

Actually, we should define more than one critical field, instead of just -ffca- We 
define an upper and a lower critical field, Hc^{n) < Hc^iK), by 

Hcsin) = mi{H > : for all H' > H, (0, F) is the only minimizer of £k,h'} , 
Hc,{k) = HgM . (1.10) 

The proof of Theorem 11.11 gives a lower bound to Hqs (k) and an upper bound 

to HcsiK,), so the expansion in H1.6|l is valid for both fields. The physical idea of 
a sharp value for the external magnetic field strength at which superconductivity 
disappears, requires the different definitions of the critical field to coincide. Our 
most precise result, Theorem ll.lll establishes this identification under a (generically 
satisfied) geometric assumption on dQ. 

Most works analyzing Hc^ relate (more or less implicitly) these global critical 
fields to local ones given purely in terms of spectral data of a magnetic Schrodinger 
operator, i.e. in terms of a linear problem. We will discuss the local fields more in 
Section|31 Here we will give the following definition. Let, for B E M+, the magnetic 
Neumann Laplacian Ti.{B) be the self-adjoint operator (with Neumann boundary 
conditions) associated to the quadratic form 



W^'^{n)3ui-^ [ \{-i\/ - BF)u\^ dx , 
Jn 



(1.11) 
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We define Xi{B) as the lowest eigenvalue of H{B). The local fields can now be 
defined as follows. 



= M{H > : for all H' > H, Xi{kH') > k^} 



'C3 

H]S^{k) = M{H > : \i{kH) > k^} . (1.12) 



The difference between H^^^{n) and H^^^{k) — and also between Hc^in) and 
(i^) — can be retraced to the general non-existence of an inverse to the func- 
tion B 1-^ Xi{B), i.e. to lack of strict monotonicity of Ai. 
Remark 1.5. 

The detailed spectral analysis in Bauman-Phillips-Tang BaPhTa' in the case where 
^ is a disc does not exclude that, in this case, H^q^{k) and H^^{k) differ even for 
large values of n. They prove the estimate [BaPhTal Theorem 7.2], 

C 

< — , in the case of the disc. 

K 

However, in Subsection \2.<H we will make a precise analysis in this special case and 
conclude that actually (for the disc) H^q^{k) — Hq!^{k) for sufficiently large values 
of K. 

Theorem 1.6. 

Let be a bounded simply- connected domain in with smooth boundary and let 
K > 0, then the following general relations hold 



HcM>H'S:i^), (1.13) 
HcM ^ H'Sti^) . (1.14) 

The easy proof of Theorem 1 1.61 is given in Section |3| For general domains we do 
not know that the local fields H^^{k) and H^^^{k) coincide. 

The next theorem improves Theorem 11.61 and is typical of type II materials. 

Theorem 1.7. 

Let n be a bounded simply- connected domain in with smooth boundary. Then 
there exists a constant kq > such that, for k > kq, we have 



Theorem II . 71 will be proved in Section [7| 
1.3. Results for non-degenerate domains. 

In order to obtain more precise results, we need to impose geometric conditions on 
57. We will work with two different conditions (one more strict than the other). 

Assumption 1.8. 

The domain fl <Z M.^ is bounded and simply- connected and has smooth boundary. 
Furthermore, there exists a finite number of points {si, . . . , s^} G K/|(?r2| of maxi- 
mal curvature, i.e. such that 

k{sj) — sup k{s) , 
seR/\dn\ 

k{s)<k{sj), \fseR/\dn\\{si,...,SN} ■ (1.16) 

Finally, these maxima are non-degenerate, in the sense that k2,j —k"[sj) ^ 0. 
We write k2 — min^ k2,j . 
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Assumption 1.9. 

The domain fl <Z M.^ is bounded and simply- connected and has smooth boundary. 
Furthermore, there exists a unique point sq G of maximal curvature, i.e. 

such that k{sQ) — sup^gjj/igjji k{s), and this maximum is non-degenerate, in the 
sense that k2 '.= — fc"(so) 7^ 0. 

In Fournais-Helffer jFoHe2| the asymptotics of Xi{B), for large B, was calculated 
(under Assumption ll .9() . In Appendix 1X1 we prove that a similar asymptotics holds 
under the (less restrictive) Assumption II. 81 We will prove in Section |21 that (under 
Assumption 11.81) Ai : [Bq,oo) [Ai(i3o),oo) is bijective for Bq sufficiently large. 
In particular, we get : 

Proposition 1.10. 

Suppose fl satisfies Assumvtion \l.Sl Then there exists kq such that, if k > kq, then 
the equation for H: 

\i{kH) = k^, (1.17) 

has a unique solution H{k). 

In other words, Proposition ll.lOl savs that, for large k, the upper and lower local 
fields, defined in H1.12|l . coincide. We define, for k > kq, the local critical field 
H^^{k) to be the solution given by Proposition ll.lOl i.e. 

Xi{kH's;;{k)) ^ . (1.18) 

In Subsection l3.2[ we calculate the asymptotics of H^^^{k) (based on the asymp- 
totics of \i{B) from |FoHe2p . The result is that the solution H^Cs^^) iPT?!) has 
the formal asymptotic expansion given by i?formaii where 

iJfo^ai = 7^(1 + - C^J^n-^ + n-if]^,K-i) , (1.19) 

as K — > +00. Here the coefficients r]j € M are computable recursively. The expres- 
sion for ifformai IS to bc undcrstood as an asymptotic series, no convergence being 
proved (or even expected). 

Using Proposition 11.101 we can identify the lower and upper local fields and 
therefore find the following result. 

Theorem 1.11. 

Suppose Q is either the disc or that it satisfies Assumvtion \l.<A Then there exists 
Kq > such that, when k > kq, then 

H'S:{k) = HcM=H^) . (1.20) 

Proof. 

The case of the disc follows from Theorems II .61 and II . 71 together with Corollarv l2.8l 
For the non-degenerate case — i.e. under Assumption 11.81 — Theorem 11.111 follows 
from combining Proposition II .101 with Theorems II .61 and II .71 □ 
Remark 1.12. 

Under Assumvtion M.Sl the known asymptotics, H1.19|l . of Hq^{k) can, of course, 
be combined with Theorem \l.ll\ to find the leading order terms of the expansion of 
Hcs (i^) for K large. 
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2. DiAMAGNETISM 

2.1. General domains. 

In this section we will study the behavior for large B of the lowest Neumann eigen- 
value Xi{B) of the operator 7i(i?) associated to the quadratic form in 

We will not generally impose the AssumDtion ll.9l in this section. We only assume 
that Q is bounded with piecewise Lipschitz boundary. Then the magnetic operator 
'H{B) has compact resolvent, so the eigenvalues tend to infinity, in particular, the 
degeneracy of the ground state is finite. 

Let i? G M and let n be the degeneracy of Xi{B). By analytic perturbation 
theory (see for instance |Kato| or |ReSi[ Chapter XII]) there exists e > 0, n analytic 
functions {B — B + e) ^ (3 ^ 4'jiP) & H^{^) \ {0}, and n analytic functions 
{B - e, B + e) 3 P E^{f3) £ R, such that 

We may choose e sufficiently small in order to have the existence (but not necessarily 
the uniqueness) of j+, j- € {1, . . . ,n} such that 

For/3>B: £^j+(/3)= min Ej{(3) 

je{l,...,n} 

For/3<B: Ej_{(3) ^ min Ej{l3) . (2.1) 

je{l,...,n} 

Define the left and right derivatives of \i{B): 

e^0± e 

Proposition 2.1. 

For all B the one-sided derivatives X[ ±{B) exist and satisfy 
A'i,±(i?) = -25R(0,^ I F ■ (-zV - BF)ct>jJ . 

Proof. 

Clearly, Ai ±(B) = E'^JB). We wiU prove that 

E'^^ (B) = -25R(0,± I F ■ (-zV - BF)^,J . 
But this result is just first order perturbation theory (Feynman-Hellmann) . □ 
Proposition 2.2. 

Let g be a function such that for all e G (—1, 1) we have 

|g(/3 + e)-5(/3)|^0, (2.3) 

as 13 (X). 

Suppose J7 is such that there exists a G K such that Xi{B) — aB + g{B) + o(l), 
as B ^ +00. Then the limits lims^oo '^i + {B) and lims^oc -^i - (B) exist and 

lim A'i,+ (i?) = lim X[,_{B) = a . (2.4) 

Remark 2.3. 

Let 7 G [0, 1), then g(P) = [3'^ satisfies H2.3|l . Thus, if there exist 71, ... , 7^ G [0, 1) 
and a, Oil, ... , cum G such that, as B ^ 00, 

rn 

Xi{B) = aB + ^ajB^i= + o{l) , 
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then Proposition \2.S\ implies that 

lim A'i.±(i?)=a. 

Proof of Proposition \2.'/A 

Clearly^, for all B, we have X'^ _^{B) < X[ _{B). So it suffices to prove that 

a < liminf A'l , (B) , (2.5) 
limsupA; „(B) < a . (2.6) 

We now observe that, for any e > 0, 

A'i,+ {B) = -25R(0,^ (B) I F • (-zV - BF)cj,,^ (B)) 

= \ {^,^ (B) \{n{B + e)- n{B) - e'F^)^,^ (B)) . 

Therefore, the variational principle implies 

By assumption there exists a function / : M+ s- M+, with lim^^oo /(/?) — 0, and 
such that 

|Ai(/3) - (a/3 + .g(/3))| </(/?) . 

Thus, 



Therefore, (using (|2.3|) ') 



liminf A'l , (B) > a-e||F||^„ 

B^oo 



(a) • 



Since e > was arbitrary, this finishes the proof of (|2.5|) . 

The proof of H2.6I) is similar (taking e < reverses the inequalities) and will be 
omitted. □ 

From Remark 12. 31 it is clear that in order to prove monotonicity of Ai (B) we only 
need to have an asymptotic expansion of Xi{B) with an error term of order o(l). 
This can be achieved in much more general situations than that given by Assump- 
tion which was the assumption used in FoHe2 . In Appendix IXI we generalize 
the result of |FoHe2| to the situation where the curvature of the boundary has a fi- 
nite number of non-degenerate maxima. In particular, we get that Proposition |^| 
below holds in this case. Notice that with several maxima (and symmetry) one 
expects (see jBonPap the difference between Xi{B) and X2{B) to be exponentially 
small, so it may seem a bit surprising that one is able to prove Proposition 12.41 in 
this case. 

Another very interesting case where the conditions of Proposition 12.21 can be 
verified is the case of a domain with corners. This is the subject of the work 
jBonPaj . 



"^We use here the fact that Aj^ is an analytic choice of the eigenvalues in a neighborhood of 
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Proposition 2.4. 

Suppose 51 satisfies Assumvtion \l.fA Then 

lim A'l ^ lim A'^ _{B) = Gq . (2.8) 

B — >oo ' B — *oo ' 

In particular, B i-^ Ai(i?) is strictly increasing for large B . 
Proof. 

This is clear using Proposition 12. 21 Corollary I A. 31 and Remark 12.31 □ 

We finish this subsection by giving the proof of Proposition ll.lUI 
Proof of Proposition \1.1(A 

Since, by Proposition 12.41 linis^oo ^^^(i?) = limB-*oo K-i^) = ©o > 0, there 
exists i?o > such that B i-^ M{B) is strictly increasing from [i?o,+oo) to 
[Ai(i3o), +oo). Furthermore, by continuity, we may choose Bq sufhciently big such 
that 

Ai(B) < Ai(Bo) , (2.9) 

for aU B < Bq. 

bo, using ifT^ . the inverse function ^ is uniquely defined as a continuous 
function 

Ar' : [Ai(Bo),+c^) ^ [Bo,+^) . 



Define kq by kq — A/Ai(i?o)- Then, for k > kq, the equation 

has the unique solution H = ^ ' ' . a 
2.2. The case of the disc. 

In the case where fl = B{0, R) is a disc, we do not know from the best available 
asymptotics f lBaPhTa] ) that the hypothesis (|2.3I) is satisfied. In this subsection 
we will make a more precise asymptotic estimate in order to settle the question of 
diamagnetism for the disc. The definition of the spectral parameters, Ci, ©o,Co is 
recalled in Appendix IB. 21 

Theorem 2.5 (Eigenvalue asymptotics for the disc). 

Suppose that fl is the unit disc. Define d{m, B), for m £ B > 0, by 

6{m, B) ^m - §- ^qVb. (2.10) 
Then there exist (computable) constants Co,(5o G M such that if 

Ab - inf \Sim,B)^5o\ , (2.11) 

then 

Xi{B) = BoB - CiVb + 3Ci V0i^(A| + Co) + 0{B-^) . (2.12) 
Remark 2.6. 

As the proof will show, the constants Cq,5q can be expressed in terms of spectral 
data for the basic operator [)o (see (|2.22ll ) discussed in Avvendix \B.Sl 

Before we give the proof of Theorem 12.51 we collect the following important 
consequence. 
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Proposition 2.7. 

Let f2 be the disc. Then the left- and right-hand derivatives X'l ±{B) exist and satisfy 

liminf a; , (S) > Go - iCi|Co| > . (2.13) 

In particular, B i— > \i{B) is strictly increasing for large B. 

The monotonicity of B i-^ Ai {B) implies that the local fields are equal. 
Corollary 2.8. 

Let J7 he the disc. Then there exists a constant kq > such that if k > kq then 



H^^ = H'S>). (2.14) 

Proof of Proposition \2.T\ 

Let g{B) = -CiVB + 3Ciy/Q^{A% + Co), a 6o. We calculate as in the proof 
of Proposition Ei2 until we reach (|^ . Notice that < As < i, for all B > 0. 
Furthermore, consider B > 1, e > 0. Let toq e Z be such that As+t = l^no — -^j^ — 
^oVB + e - So\. Then, since -1 < < 0, 

B -\- e B 
Ab+c - Ab > |mo £,oVB + € - So\ - |mo - — - ^qVb - So\ 



Therefore, 



and we get 



A|+, - A| = {AB+e + Ab)(Ab+, - As) > -| 



g{B + e)-giB)^ 



liniinf ^ — > -^CWBo 



The rest of the proof follows the one of Proposition 12.21 by taking e to zero (and 
using that |^ol = V^)- 

That 6o > fCil^ol can be seen from the following argument. From |FoHe2l 
Proposition A. 3], we get that 3Ci|^o| = 1 — 4/2, where the integral I2 (given in 
(|2.30|l below) satisfies I2 > 0. In particular, 3Ci|^o| < 1- Since it is known that 
60 > ^, this proves the desired statement. 

We also state the following numerical values from |Bonl| . 

Ci = 0.254 , l^ol = 0.768 . (2.16) 

□ 

Proof of Theorem \2.5\ 

We will use standard results on the spectral theory of the Neumann operator 



d2 

/i(C) = - 

'2 



MC) = -^ + (r + C)^ 



on L (M+, dr) . Some of these results are recalled in Appendix IB. 21 

Let D{t) — {x \x\ < t} be the disc with radius t. Let Qb be the quadratic 

form 

Qb[u]^ [ \{~i\/ - BF)uf dx , 

ir>(i)\_D(i) 
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with domain {u e iJ^ (£)(!) \ D{^)) \ u{x) = on |a;| = i}. Let X{B) be the lowest 
eigenvalue of the corresponding self-adjoint operator (Friedrichs extension). Using 
the Agmon estimates in the normal direction (see Theorem I4.1|l . we see that 

Xi{B) = ~X{B) + 0{B-°°) . (2.17) 

By changing to boundary coordinates (if (r, 9) are usual polar coordinates, then 
t — 1 — r, s — 9), the quadratic form Qb[u\ becomes, 

Qb[u]= ds dt{l-t)-^\{Ds- BAi)u\^ + {l-t)\DtuW (2.18) 
Jo JO 



u 
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I.2TT ^.1/2 

ds dt{l-t)\uf, = 
Jo Jo 



Here we used Lemma FB. II and that 70 = ^" '^\dn^ = 5 f^'' the disc. 
Performing the scaling r ~ ^/Bt and decomposing in Fourier modes, 

ii = ^e™^0™(O , 

we find 

X{B) = B M es^,n,B).B ■ (2.19) 

Here the function 6{m, B) was defined in (|2.1()(l and es^B is the lowest eigenvalue of 
the quadratic form qs^B on i^((0, \/S/2); (1 — VBT)dT) (with Neumann boundary 
condition at and Dirichlet at \/B/2): 

qsM'l^]^ l^'\l-i^)-'{{r + S,,)+B-H5-^-^)Y 

J 

+ (l-^)|</.'(T)|2dr. (2.20) 

We will only consider b varying in a fixed bounded set. This is justified since it 
follows from FoHc2, Lemma 5.4] that for all C > there exists D > such that if 
|(5| > Z) and B > £1, then 

65,5 > Oo - CiB-^ + C . 

Furthermore, for 8 varying in a fixed bounded set, we know (from the analysis 
of f)o, some of which is recalled in Appendix IB.2|I that there exists a d > such 
that if i? > d^^, then the spectrum of g^^s contained in (—00, 80 + d) consists of 
exactly one simple eigenvalue. 

The self-adjoint Neumann operator [)((5, i?) associated to (75,5 (on the space 
i:2((0,/B/2);(l-x/Br)dT)) is 

+ (1 - ;^)"'((^ + ^0) + ^"^('^ - ^ ))' • (2.21) 

We will write down an explicit test function for f)((5, i?) in H2.26|l below, giving 65,5 
up to an error of order 0{B~i) (locally uniformly in S). 
We can formally develop i){S,B) as 
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with 



f)0 = -^ + (T + eo)' , 



f)! = — + + io)i6 -^) + 2r(T + Co) , 

f)2 = T-f + - + 4r(T + ^o){S - 4) + 3t2(t + Co)' ■ (2.22) 



d 

d 

Let uq be the known ground state eigenfunction of (jo with eigenvalue Qq. Here 
f)o is considered as a selfadjoint operator on L'^{M.+ ; dr) with Neumann boundary 
condition at 0. Let Rq be the regularized resolvent, which is defined by 

(f)o-eo)~V, 
^ , II uo • 

Here 'perpendicular' is measured with respect to the usual inner product (no per- 
turbation of the measure) in L2(M+; dr). 
Let Ai and A2 be given by 

Ai := {uq I \)iUo) , A2 := A24 + A2,2 , 

A2,i (?^o I f)2Uo) , A2,2 := (uo I (f]i - Ai)wi) , (2.23) 

Here the inner products are the usual inner products in {M.^ ; dr) . The functions 
Ml, U2 are given as 

ui = -i?o(f)i - Ai)uo , '«2 = -i?o{(f)i - Ai)ui + (f]2 - A2)uo} . (2.24) 

Notice that (see jFoHe2l Lemma A. 5]) uq G '5(]R+) and that Rq maps 5(M+) 
(continuously) into itself. Therefore, uo,ui,U2 (and their derivatives) are rapidly 
decreasing functions on M4-. 

Let X G C'5"(R) be a usual cut-off function, such that 

Xit) = 1 for \t\<l, suppx C [-i, i] , (2.25) 

and let xb{t) = xirB^i) . 
Our trial state is defined by 

i^:=XB{uo + B-iui + B-\2} ■ (2.26) 

A calculation (using in particular the exponential decay of the involved functions) 
gives that 

\\{HS,B) - (Go + X^B-i + X2B-')M^.^lo,VB/2Ul-VBr)dr) = ^(^"^) ' 

where the constant in O is uniform for S in bounded sets. 

Therefore, we have proved that (uniformly for 6 varying in bounded sets) 

es,B = Qo + MB-i + A2B-1 + 0(5-5) . (2.28) 

It remains to calculate Ai, A2 and, in particular, deduce their dependence on S. 

A standard calculation (which can for instance be found in |FoHe2l Section 2]) 
gives that 

Ai = -Ci . (2.29) 
In particular, Ai is independent of S (this is because J^{t + S,o)uq dr = 0). 



ON THE THIRD CRITICAL FIELD IN GINZBURG-LANDAU THEORY 



13 



It is much harder to calculate A2 explicitly. However, notice (by writing A2,2 = 
— (uo I (f)i — Ai)i?o(f)i — Ai)uo)) that X2{S) is a quadratic polynomial as a function 
of 6. We find the coefficient to a.s 1 ~ 4/2, with 

I2 := {uo I (r + eo)-Ro(T + $0)^0) ■ (2.30) 

But this integral was calculated in |FoHe2l Proposition A. 3] (we have kept the 
notation I2 from that paper), and it was found that 1 — 4/2 = 3Ci^/Qq. Notice 
that SCiVQo > 0- Since A2 is quadratic in S, there exist in principle computable 
constants Sq,Co G M such that 

X2 ^ iCi^{{S - 5of + Co) . 
Remembering ()2.17f) and H2.I9|1 this finishes the proof of Theorem 12 .51 □ 

3. Local critical fields 

3.1. General analysis. 

In addition to the (global) critical fields Hc^in) and Hc^in), one can also define 
local fields. 

These local fields are determined by the values where the normal solution"^ (0, F) 
is a not unstable local minimum of £k,h, i-e. 

771?;(k) = mi{H > : for all H' > H, Hess £^,h' | i?) > 0} , 

H'S'^{k) = infjg > : Hessf„,^|(^_^^ >0} . (3.1) 

Since the Hessian, Hess at the normal solution is associated with the sesqui- 
linear form 

((/),a)i-> / - HiHF)4)\'^ - K^\4)\'^ + {KHf\c\ir\d\^dx , (3.2) 

Jn 

we get the equivalent definitions given in l|1.12(l in the introduction. Furthermore, 
we get the general comparison between the local and global fields given in Theo- 
rem ^31 

Proof of Theorem \1.6\ 

We first prove (|1.13|) . Suppose H > Hc^in). Then (0, i^) is the only minimizer of 
£k,^h- In particular, for all (j),A, 

£,,^[0,i? + i*]>£,,H[O,F] = O. 

This implies that Yless Ek.,h\^q p.-^ > 0. Since H > Hc^in) was arbitrary, we get 

Next we prove ((mil . Suppose H < H^S^in). Then XiIkH) < k\ Let V be 
a ground state for 7i{nH). We use, for 77 > 0, the pair (ritp,F) as a trial state in 

S,.H[vi^,F] = (Ai(^F) - ^'WMh^n) + Y^'IIV'lli^to) ■ 

Since Xi{kH) — < 0, we get [77^, F] < for rj sufficiently small (using that 
W^''^{fl) C L^in)). Thus (0,^^) is not a minimizer for S^^h- Since H < H^S^^{k) 
was arbitrary, this proves H1.14|l and therefore finishes the proof of the theorem. □ 

■^Notice that (0, F) is a solution to the GL-equations II. 3i . for all values of k, H. Thus, (0, -F) 
is always a stationary point of the Ginzburg-Landau functional u . 
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As a corollary of Proposition II . 101 we get the following result. 
Theorem 3.1. 

Suppose that f2 satisfies Assumvtion M.lA Then there exists kq > 0, such that, for 

all K > Ko, H'°^{k) - H'S^{k) - . 

Proof. 

Proposition ll. 101 combined with the characterization (|1.12|) gives the proof. (Recall 
that g^^f/t) was defined in ifTTl^ ). □ 



3.2. Calculating asymptotics. 

In this section we will describe the structure of the asymptotics of the solution 
H{k) to 

The calculation is based on the asymptotic expansion of Xi{B) proved in the work 
|FoHe2| and its extension in Appendix fXl Therefore we need to impose Assump- 
tion [TBI 
Lemma 3.2. 

Suppose fl satisfies Assumvtion \1.8l Let H = H{k) he the solution to the equation 

\i{kH)^k^, (3.3) 
given by Provosition Then there exists a sequence {f7j}j?,o ^ such that 

H^^(l + ^^^^-C^J^K-^^' + K-y^f2v3^-'^^) , (3.4) 

in the sense of an asymptotic series as k +oo . 
Proof. 

Let ii^-^\h) be the lowest eigenvalue of the magnetic Neumann Laplacian associated 
with the following quadratic form on VF^'^(f7) 



/ \{-ih\/ - F)u\^ dx. 
Jn 



From IFoHe2| and/or Appendix IXIwe know that there exists a sequence {Cilj^o ^ ^ 
such that for all M e N, 

M 

^l^^\h) = QQh-Clk^^^hi +Cit/Q'Q^hi +h'^Y.^,hi +0{h''+^) , (3.5) 

as /i ^ 0-i_. By a simple scaling we see that if \i{B) is the lowest eigenvalue of 
the magnetic Neumann Laplacian associated to the form defined in (|1.11|) . then 
\i{B) = B^/i(^)(i?~^), and therefore, as B ^ oo, we get for any M e N, 

3fe2 



M 

Bl^CjB"i +0{B-^) . (3.6) 

J=0 
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We calculate with the Ansatz for H{k) given by H3.4|l . 
Cifc 



(3.7) 



Wo 



2 4, 



j=0 



oo 1 -J ^ , OO l^j 

07111(1 + — 4}^77fe« 4 



2 , C'lfcn 



J=0 



Cik„ 



1 Cifcniax 1^ /3/c, -3 , -I i-(l) -i 



00 1 -j 

0— (1 

.=0 e„« 



1 Cifcinax 
4 y/e^K 4 

1 ^ J Climax 
8 \/QqK 



3=0 



fc=0 



Here the coefficients /j^"*, /j,fe only depend on (779, . . . ,77^) . Therefore, we find 
the following structure 

00 

\i{kH) + ^ i^'^iVj + 9j) ; 

3=0 

where the gj only depend on the r/^ with s < j . This implies that there exists a 
solution of the form H3.4|l to the identity \i{kH) ~ in the sense of asymptotic 
series. 

It is elementary to prove by induction that the solution H(k) given by Proposi- 
tion lf .llJI must have the asymptotic expansion given by the formal solution H3.4|l . □ 



Remark 3.3 (Comparison with Bernoff-Sternberg |BeSt| results). 
In ,BeSt. Formula (3.1)] the asymptotics 




H^^ = hk 

is given. To translate to our notations we use the table 

„BS _ T-BS _ 1 Bs _ u -r: — BS ' ^ V ©0 



fc"* = « , h = — , K^* = fc^ax , = -fc2 , Jo = • (3.8) 

Ho oOl 

So in our notation, their result is 
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This is in almost complete agreement with our result 1)3. 4|l . except for the fact that 
we do not exclude the existence of a term of order 0{k~^/^) . 

4. Localization 

In this section we will give Agmon estimates for the linear problem — both tan- 
gential and normal to the boundary. We also recall how these estimates carry over 
to the non-linear equations (|1.3|) . 
4.1. Estimates in the normal direction. 

First we recall the estimate in the normal direction from in [HePaj (see also the 
work on the linear problem |HeMo2j \ Define the magnetic quadratic form by 



W''\n)3u^q^i= [ K^-updx, (4.1) 



where A is any (possibly i3-dependent) vector field satisfying, for some Co > 0, the 
following estimates: 

\\A\\cHn)<Co. llcurM- l|lc.i(n) < CoB-'/\ curM = l on dn . (4.2) 

Notice that, by [HePal Proposition 4.2] (recalled as Theorem 15.11 below). 1)4. 2|l is 
verified uniformly for all the minimizers of the GL-functional. 

We will denote the unique (Neumann) self-adjoint operator associated with the 
quadratic form q^^ by Hq^. 

Theorem 4.1 (Uniform normal Agmon estimates (linear case)). 

Let Co be given and let be a bounded simply- connected domain with smooth bound- 
ary. Then there exist C,a such that if A = Ab is a vector field satisfying (|4.2() 
(with the given Cq) and if (f'sA eigenfunction of 'H{BA), with eigenvalue 

A = \{B) < (1 - C^^)B, then, 

[ e'^^'(^\\cj^^j^f + B-'\p^^cb^^f)dx<c[ Icb^^fdx, (4.3) 
Jn Jn 

for all B >C. 

The above result can also be applied to obtain similar localization estimates 
for the (non-linear) Ginzburg-Landau problem. This was carried out in I HePal 
Proposition 4.2] and Pan, Lemma 7.2]. 

Theorem 4.2 (Uniform normal Agmon estimates (non-linear case)). 

Let S > 0. Then there exists a, C, > such that if [ip, A)i^^}j are minimizers of 

the Ginzburg-Landau functional, with {k, H) satisfying that 

k/H < 1 - 6 , K> Ko , (4.4) 

then 

[ e"^*(-)(|VP + ^K^iV'P)rfa;<C' / l^^dx. (4.5) 
Jn Jn 

This theorem admits the following but basic corollary : 
Corollary 4.3. 

With the assumptions of the theorem, for any p > 2, there exists a constant Cp 
such that 

iL^n) < C'pK-'^||V'||z,p(o) . (4.6) 
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Proof. 

We first observe that the normal Agmon estimate gives the existence of C such 
that : 

Jd{x,dn)<C/K. 

We can then use Holder to get for any q> I 

Taking g = f , we get (021. □ 
4.2. Energy estimates. 

In this subsection wc will give uniform lower bounds on the ground state energies 
of the magnetic quadratic form q^^- 

Theorem 4.4. 

Let Cq > be given and let fl be a bounded, connected domain in with smooth 
boundary. Let 7 G M satisfy that Go < 7 < 1. Then there exists Eq G (0,1) such 
that, if A = Ab is a (curve of) vector field(s) satisfying (|4.2|l with the given Cq, 
and Ub{x) is given by 

U (x) = /^^ ' tfdist{x,dn) > 2B-1 

[eoS-Cifc(s)B^ -6(7^53 , if Aisi{x,dn) <2B-^ , 

with k{s) :— fc,„ax ~ £oK{s), then 

QbaM > I Ub{x)\u{x)\Ux , (4.8) 
Jn 

for all u e VF^'^(ri) and all B > e^^ . 

For comparison we include the following result from |HePa[ Proposition 3.7]. 
Theorem 4.5. 

Let Cq > be given and let be a bounded domain with smooth boundary. Then 
there exists ep > such that if A ~ Ab is a (curve of) vector field(s) satisfying 
(|4.2I) with the given Cq, and Ub{x) is given by 

^ Ul-^-o'B-i)B, ^fdist{x,^n)>2B-i 

^ [BoB - Cik{s)Bi - e^^BT^ , if dist{x, dfl) < 2B-i . ^'^ 

Then 

qBAM> f UB{x)\uix)fdx , (4.10) 

Jn 

for all u e VF^'^(ri) and all B > . 
Remark 4.6. 

The advantage of the result in Theorem \4.4\ compared to Theorem \4.5\ is the im- 
proved error estimate (B^ compared to B's). However, the disadvantage is that the 
curvature fc(s) has been replaced by the smaller function fc(s). 

In the proof of Theorem 14.41 we will use the following result from 
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Theorem 4.7. 

Let fi'-^^h,b,D{0,R)) be the ground state energy of the operator in (|4.1|l in the case 
where B — b, A — F (i.e. cuvlBA = b is independent of x £ fl), — D(0,R); the 
disc of radius R, and where Pg^ ~ (— i/iV — BA). Then there exists C > such 
that, if 

bR^/h > C , 

then 

{h, b, D{0, R)) > Qobh - Cib^'^h^'^/R - Ch^R-^ . (4.11) 

Remark 4.8. 

• Clearly, in the case of a disc, the curvature k is constant, k = R^^ . 

• The technical condition in Theorem \4-4\ — that fl is bounded — is only im- 
posed for the convenience of being able to apply Theorem \4.1\ In the general 
case (for instance for exterior domains) one should instead follow and im- 
prove an analysis given in |HeMo2l Section 10] . However that would carry 
us too far astray here, so we only state and prove Theorem \4.4\ the case 
of a bounded fl . 

Corollary 4.9. 

Under the assumptions of Theorem \4.4\ we have 

QbaM > Mfi^oB - C^K^^^B^/^ - 0{B^'^)) , (4.12) 

for all u G W^'^{^) and all B sufficiently big. Here the 0{B^/'^) remainder only 

depends on U, and on the constant Cq in 14. 2|) . 

Proof. 

Corollary 14 . 91 clearly follows from Theorem 14 . 41 upon estimating 

Ub{x) > inf UB{y) ■ 
yen 

□ 

Proof of Theorem \4.4\ 

Let u = be a ground state of "H^^ — Ub- Notice, that (for fixed BjEq) 

it is clear that the spectrum of Ti^^ — Ub consists of a sequence of eigenyalues 
whose only accumulation point is +oo. Therefore such a ground state u exists. 
Let ^ — ^B A eo associated ground state energy. We will prove that if eo is 

sufhciently small, then A > 0. 

Notice that since A satisfies H4.2|l . we get, for all u E Wq' {fl), 

qBAM>B J \u{x)\^cuTlAdx>B{l + 0{B-i)). (4.13) 

Therefore, u satisfies the Normal Agmon estimates. Theorem 14.11 (see jHeMo2l 
(6.25) and (6.26)]). 

We can find a sequence {sj^B}f=Q^ in and a partition of unity {xj.B}f=o^ 

on M/|9ri| such that suppXj\B H suppxk.B = if j ^ {fc — 1, k, k + 1} (with the 
convention that N{B) + 1 = 0, —1 = N{B)). Furthermore, we may impose the 
conditions, for some constant C and for B > Bq sufficiently big: 

suppxi.B C Sj,B + [-B^'^,B^'^] , 

E^?.B = 1' J2\^X,,B\'<CBi . (4.14) 

j 3 
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We will always choose the sj.b such that < |9il|/2. 

Let xi,X2 be a standard partition of unity on M : 

X? + X2 = l, suppxi C (-2,2) , xi = lonanbhdof [-1,1]. (4.15) 

Let us define 

Xj,B{s,t) = Xj.Bis)xiiBh) , 

hBi^) ^ Xiishix)) , for j = 1,2. (4.16) 

We will also consider Xj.B as a function on (by passing to boundary coordinates) 
without changing the notation. 

Using the standard localization formula and the Normal Agmon estimates, we 
get 

A > J2(Xj,Bu \ {n - Ub)xj,bu) + I {Bcui-\A-UB)\e2,Bu\^dx 
3 

^CB^I^ [ ^ ^ \u\^dx 

J{B &<t{x)<2B 8} 

> Y.^X3,BU I {n - Ub)x3.bu) + o{B-^) . 

3 

Modulo choosing eo sufficiently small, it therefore suffices to prove that 

^ (X3,BU I {n - QoB + Cik{s)B"^)x,,Bu) > ~CB-^ f ^ |x,,s"|' dx . (4.17) 

3 3 

Proving H4.17|l will finish the proof of Theorem 14. 41 We will write each of the terms 
in (• I •) in boundary coordinates and compare with the similar term with fixed 
curvature. 
Proof of iflTTjl . 

Since f2 is bounded we have fc,nax > 0. Outside a small neighborhood of the 
boundary points s with fc(s) = fcmax, the result of Theorem 14.51 is stronger than 
that of Theorem 14.41 Therefore, by Theorem 14.51 (for B sufficiently large), if j is 
such that k takes negative values on suppxj,_B, then 

XjMU I {n - eoB + Cik{s)B'^)xj^Bu) > ~CBi J \xj^Bu\^ dx . (4.18) 

So only terms in 14.17(1 with k{sj^B) ~ fcmax > need to be analyzed finer than 
what Theorem 14.51 gives, and below we will therefore only consider j such that 
k{sj^B) > 0. 

Using Lemma FB. II we may assume that, on each of the sets suppxj.s, the gauge 
is chosen such that the expression for A in boundary coordinates is as in l|B.8|) . In 
the estimates below, the constants C will be uniform in j. Define 

ii(s, t) = -t{l - tk(s)/2) + t^b{s, t) , a(s, t) = I - tk{s) . 

We know from (|4.2I) and Lemma FB. II that 

ll&lk- ^ C-B-J . (4.19) 

Define 

Bj,B j e[xj,Bu]{s,t)dsdt , (4.20) 



20 



S. FOURNAIS AND B. HELFFER 



with 



e[f] :=a-i|(I?,-i3ii)/|2 + a|A/|' 



(4.21) 



Similarly, we define 



iM,s(s,t) = -t(l-t^) 



and 



with 



^j\i3 = k'(sj,B) , 

Aj,B J ej^B[Xj,Bu]{s,t)dsdt , 



(4.22) 



(4.23) 



We observe that Bj^B = {Xj,Bu\T-Lxj,Bu) and will compare Bj^B and Aj^B- We 
clearly have 



e[xj.Bu]{s,t) = ej,s[xj,su](s,t) + /i(s,t) + /2(s,i)- /3(s,i) , (4.24) 



with 



/i = (a"' - o^^^MDs - BAi)xjM^ + (a - a,^B)\Dt{x,Mu)\^ 
f2 = a-},B\A^- Ai,,^b)Xj,bu\'' , 

/3 = 2a-^B5R|(ii - iij,B)Xj,BM(£'s - Sii,j,B)Xj,i3M} . 

Notice that for s £ Sj^B + [—B^^^B^^ , we have, 

\Hs) - fcj.sl = |s - • / fc'((l - £)s,,B 

Jo 

<CB-^\k'^^B\+B-i) . 

Thus, 

|a - aj,B| = t|fc(s) - A:j- si < CB-i{\kr g\ + B~i)t , 
\a-^-ajl\<CB-^\krg\+B-^)t,' for t<2B~i. 

We estimate, using (|4.26f) . for any r/ > , 

|/i(s,t)| < CS-s(|A:;.b| +S-^)te[;^^.s^,](5,t) 

<C'?7i3-^(|A:;-B|+ 5-5)2 e[;^^. 5u](s,t) + CV'i?^i'e[xj.sii](5,t) ^ ^^ ^7) 

We also estimate /2 and by 

/2(s,t) <CB5t4|^^.^^|2 ^ (4.28) 

and 

1/3(5, t)| < 2Ci2Bi(|/c;-B| + B--s)aj}, Xi.bu{D, - BAi,,m)xjMU 



(4.25) 



(4.26) 



< C'r^B-H^\xj,Bu\' + C'T^B--2{\k'^A+B-"sfe^^B[X3,Bu]{s.t) 



(4.29) 
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Thus, we get by combining l|4.24|l with (|4.27(l . I|4.28|l . and H4.29|l and integrating, 
{1 + CrjB-H\k'^^s\ + B--^f}B,^B > {1 - CiiB-H\k]^s\ + B-'^f}A,,B 

-Crj^^Bi J fe[xj,Bu]is,t) ds dt 

-CBi{B-i +r]-^) J f^lxj^Bul^dsdt . 

This gives (with a new constant C) 

> {1 - Ci^B-^\kr ,,\^ + B--^)}A,,B 
-Cri^'^B^ j t^e[xj,Bu]{s,t)dsdt 

-CB^B-^ +7j-^) J t^\xj,Bu\^dsdt . (4.30) 

From Theorem 14. 71 we get the estimate 

A,s > (©oB - Cik.^BB^ - C) \\xj,Buf . (4.31) 

Therefore, with K{s) :— (fcmax — ^(■s)), Kj B ■— (^max ~ kj,B), and making a Taylor 
expansion of k{s) — kj,B, we get 

{l-CrjB-^m^s\^ + B-i)}A,,B 

- (QoB - Ci{fc„,ax - eoK{s)}B^^ \\Xj,Buf 
= Ci(i^j, B - eo[K,^B + C"|fc;- slB-i] - C'7;eo|fc;Bp)s5||x,,Bu|p 

+ 0{Bi)\\x,.Bu\\' . (4.32) 

By definition, the function K{s), which can also be identified with a periodic func- 
tion on R, satisfies, for some C > 0, 

K{s) > , K"{s) < C . (4.33) 

Therefore, since K'{s) — fc'(s), we have the elementary inequality'^, 

|fc'(s)|2 < C'K{s) , (4.34) 

for some constant C" > and all s e M. So we see that for eo: V sufficiently small 
we get 

[l-CvB-im,s\^ + B-i)]Aj,B 

- (QoB - Ci{fc,nax - eoK{s)}B-2^\\xj^Buf 
>-C'Bi\\x,,Bu\\' , (4.35) 



%sing we find, for all s, ct e M, 

< K{cr) < K{s) + K'{s){a - s) + C{a - sf . 

2C 



Upon setting a = s - we get iO^ with C = 4C. 
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for some C" > 0. Therefore, we get from (14.30(1 . for the given choice of 77, 

%s > (QoB - Ci~k{s)B^ - CBi) \\uf (4.36) 



3 

-CBi Jj2t^e[xj,Bu]is,t) dsdt~CB^ j t^\u\'^ ds dt . 
3 

The normal Agmon estimates and easy manipulations (as in 'HeMo2 ) give that 
the last two terms in (I4.36() are bounded by CB^. Therefore, 1(4. 17(1 follows from 
(jOfi|l . 

This finishes the proof of Theorem 14.41 □ 

4.3. Agmon estimates in the tangential direction. 

Theorem 14.41 can be used to obtain exponential localization estimates in the tan- 
gential (s-)variable both for the linear and non-linear problems. These estimates 
are similar to Theorems 14. II and 14.21 and are given in Theorems 14. 101 and II .41 

Theorem 4.10 (Uniform Tangential Agmon estimates). 

Let Co > Q he given and let be a bounded domain with smooth boundary. Then 
there exist C , a > 0, such that if A = (^B)Bg[c+oo) ^•s family of vector fields 
satisfying (|4.2|l (with the given Cq) and {ub)b£[c,ooI ^ family of normalized 
eigenf unctions ofTL^^ with corresponding eigenvalue X{B) satisfying the bound 

X = X{BA) < OoB - CifcmaxS^ + CoBi ,yB>C, (4.37) 
and if Xi G C^o° the function from (|4.15l) . then, for all B > C, 

'i^"^^^'^'\l{Bh{x)){\uBix)\^ + B-i|(-«V - BA{x))ub{x)\^} dx<C . 

(4.38) 

Proof. 

The proof of Theorem 14. 101 is similar to (but easier than) the proof of Theorem ll.4l 
given in Section below, and will therefore be omitted. □ 

Corollary 4.11. 

With the assumptions of the theorem and Assumvtion M.fA for any p > 2, there 
exists a constant Cp such that 

mimn) < CpK-'-^M\L.in) ■ (4.39) 

This can also be extended without additional difficulties to the case when K has 
isolated zeros of finite order. 

4.4. An alternative approach to Xi{BA). 

In the case where Ai (B) is known to very high precision, it is advantageous to es- 
timate Xi{BA) by first approximating by constant field and then using the knowl- 
edge of Ai(i?). This is the result in Theorems l4.l2l and in^ below. Remember that 
Xi{BA) is the lowest eigenvalue (bottom of the spectrum) of Ti.(BA). 

Theorem 4.12. 

Let Co > be given. Suppose that is a smooth, bounded, simply- connected domain 
in and that fl is not a disc. Then there exists Bo,eo,C > such that, for all 
B > Bq and if A satisfies (14. 2|) with the given Cq, then 

X,{BA)>X,{B)-C{\\cm\A-l\\ciin)^+e~"'^) ■ (4.40) 
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If n is a disc, then (14.40(1 is replaced by 

\i{BA) > Xi{B) - C(||curll- 1||ci(o)/B + l) . (4.41) 

Proof. 

We consider first the case where is not a disc. 

Let 4>g^ be a normahzed ground state of ^{{BA). Since, by Corollary 14.91 
Xi{B) — QqB — Cifcinax-B^ + 0{B-^^'^), we may assume that 

Xi{BA) < QoB ~ Cikn,^^B^ + CoBi , 

(if not, there is nothing to prove). Then the normal Agmon estimates (given in 
Theorem 14.111 and the tangential Agmon estimates (given in Theorem l4.1Uf) give 
exponential localization estimates on ip^^- Since Q is not a disc, there exists a 
ao&R/\dfl\ such that 

fc((To) = fcmin = min fc(s) 7^ fcmax • 

seR/|af2| 

Choose e > such that k{s) < on |s - (TqI < £• Let + /| = 1 be a 

partition of unity on f2 such that 

/i = 1 on {t < to/2} n {|s - CTol > e}, 

supp/i C{t< to} n {\s - ao\ > e/2} . 

By the standard localization formula, 

MBA) = qBA[<l>BA] = iBAiMsAl + ^SaI/s'/'ba] 

- / {\vfi\'+\vf2n\^^j^\'dx. 

Using the Agmon estimates, we therefore find for some C, eg, 

XiiBA) > qsilMBA] - Ce-'° ^ ■ (4-42) 

Using Lemma FB. II fin the situation given by ((B.Sp 'l we know that we can choose a 
gauge Lp on supp /i such that 

A- F ~\Jip ^t^e{s,t) 

where A, F are A and F transformed to boundary coordinates and where |je(s, i)||Loo 
is controlled by ||curlA — l||ci. Therefore, we can estimate, for all p > 0, 

^BA\h4>BA] > (1 - P)lBF\h^'''^^BA] " P"'^' / 1^'^^' 0/105^1' " (4-43) 

Using the normal Agmon estimates, we therefore get from (I4.42|) and 14.4311 

\i{BA) > (1 - p)Ai(B)||/i05^Hp - Cp-^B\\cnr\A- - Ce'^'^ . (4.44) 

We finish the proof of H4.40|l by applying the normal and tangential Agmon es- 
timates again (to remove the localization /i) and by choosing p — ||curlj4 — 
l|lci(f2)/^ (using that \i{B) < B for large B). 

When SI is a disc, we make the partition of unity /i, /2 as follows. 

/i = lon {t<to/2}n{|s|<^}, 

supp/iC{t<io}n{|s|<M}. 
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The localization error J^^ (|V/i p + | V/2P) I'/'^i'l^ "^-^ then becomes of unit size, and 
we get 

XiiBA) > qsAiMBl] + 1ba\Mba] + ^^(1) ■ (4-45) 

Both 'Zsyil/i'^Byi'] ^-"^^ '?_Byi[/20By4*] ^-^e now estimated as above. This finishes the 
proof. □ 

When 1 1 curl A — 111(71(0) is very small, the exponentially small error in Theo- 
rem is too expensive. Therefore we need the following simpler result. 

Theorem 4.13. 

Suppose il is a smooth, bounded, simply- connected domain in R^. Then there exist 
Bq > and, for all p > 2 , Cp > such that 

XiiBA) > Ai(B) - CpB3/2||curM - 1|Up(o) , (4.46) 

when B > Bq. 
Proof. 

To prove the estimate (|4.46|l . we write b — curl A — 1 G Cq (f^) and define 
'^(x) = 7^ / (log 1^ - y\)biy) dy, a - (-92$, ■ 
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Then curia = A$ = b in Q, and for aU p > 2, 

llalU- < Cp\\b\\L,^n) ■ (4.47) 
Since il is simply connected there exists a choice of gauge ip such that A — F~ Vip — 



a. With (j)B = e~'^'^(/)„ r, we get for aU < p, 



\i{BA)^ [ \ {-i\7 - B{A-S/ip))<j)B\^ dx 

>(l-p) [ \{-iS/ - BF)4>b\^ dx - p-'^B^ [ \a4>B\^dx 



This imphes (notice that (|4.48|l is trivial for p > 1) by I4.47|) . for aU p > 0, 

XiiBA) > (1 - p)\^iB) - Cp-'B^b\\l,^^^ . (4.48) 

By choosing p = ||&||lp(o) we get the desired estimate (using that Xi{B) < B 
for large B). □ 

5. Proofs of Theorem II. II and Theorem 11.41 
Let us start by recalling the following result from jHePal Prop. 4. 2]. 
Theorem 5.1. 

Suppose {'(p,A) ~ {4'k,h , Ai^,h) is a sequence of minimizers for the GL-functional. 
Suppose that the parameters k, H satisfy, 

{e-'+giK))K<H <Hc,{'i) , (5.1) 

for some function g : —^ W with lim^^oo 5'('*) = 0. Then there exists a constant 
C > 0, such that for all k > C , we have 

llcurM- l||^,(j^) < , (5.2) 

||curM-l||c,.(f^) <C||V'|!ioo(o) . (5.3) 
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In particular, 

llcurll- < CiKH)-^ , \\cmlA- IH^.^^) < C . (5.4) 

Remark 5.2. 

In particular, Theorem \5.1\ imvlies that the minimizing vector potential Ak,^h sat- 
isfies H4.2(l for B = kH . Thus, we can apply the results from subsection \4-S\ on the 
magnetic quadratic form (?^^^ ^ appearing in the Ginzhurg- Landau functional. 
Proof of Theorem M.lX 

We consider first the case of the disc. Using Theorem 12 .51 we see that there exists 
C > 0, such that if k > C, and 

H < 7:; \ 3"^max ~ C / K , 

then Xi{kH) < k^. Therefore, Theorem II .61 imphes that 

HcA'^) > H'S^jK) + -^fc,„ax - C/k . (5.5) 

— ^ — *='o 

On the other hand, Theorem 14.121 combined with Theorems 12.51 and 15.11 imphes 
the existence of C" > 0, such that ii k > C , H satisfies 

Ci 



He, {k)>H>— + —k^^y, + C'/k , 

and {ip, A) is a Ginzburg-Landau minimizer with parameters (k, H), then necessar- 
ily \i{nIIA) > . But then {^jj^A) = {0,F). This finishes the proof in the case of 
the disc. 

Consider now the case of general ft. The lower bound in Corollary 14 . 91 combined 
with the matching upper bound from |HeMo2| gives that 

From this it is an elementary calculation to prove that there exists C > large 
enough such that 

implies that 

\i{kII) < — \fn , 

for all K > C. In particular, Xi{kH) < ~ -^k, for all k > C, and therefore 
Theorem II .61 implies that 

Hcs > H'S', > 7^ + ^fcmax - Cn-"^ . (5.6) 

To prove the opposite inequality, let (k, _ff)„ be a sequence of parameters (we will 
suppress the n from the notation for convenience) such that 



H<HcM, 

there exists a non-trivial GL-minimizer (ipjA) when {k,H) is in the se- 
quence. 

_ff > ^ + -T-fcmax + CkT^ , where C is a (big) constant to be chosen below. 
^0 
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Then Theorem 15 .11 and CoroUarv 14.91 hiiplv that, if the constant C is chosen suffi- 
ciently big, 

Xi{kHA) > k'^ + ^/k > k'^ . 
But this contradicts the non-triviaUty of the GL-minimizers and therefore proves 
that 



Hca < 7^ H jr^max 



(5.7) 



□ 



We will now estimate the tangential size of the superconducting boundary layer 
when H is very close to — but below — Hd ■ 
Proof of Theorem \l.4\ 

The proof is a variant of the proof of a similar result obtained in |HePaj . Since 
< Hc^in) — H = p, we get from Theorem II . II that 

Kj C 1 
H = — + ^kr,-,^^ + 0{K-i) + p . 

But then an elementary calculation gives that 

~ [OonH - Cifc„,ax(KiJ)i/2 _ o((«i/)i/4)] = + . (5.8) 

With xi 1 X2 being a standard partition of unity and using the equation 
satisfied by the GL-minimizer (ip, A), we can calculate 

>{xHii^t)exp{2aK^K{s))ij\n{KHA)tl;) 

I V(xi(K3t) ex.p{aK^ K{s)))\'^\ip\'^ dx . 
We can estimate the localization error as 



V (xiiKit) exp{aK2 K{s))) \-ip\'^ dx < Li + L2 , 



(5.9) 
(5.10) 



where 

Li ■=Ca^K I \K'{s)\^xl{'i'^t)exp{2aKiK{s))\'il;\^ dx , 
Jn 

L2 ■.= Ck^ / \x[{Kh)\^exp{2aKiK{s))\iP\^dx . 
Using the Agmon estimates in the normal direction, Theorem l4.2l we get 

L2 = uro{K-°^^) . 

Now, using Theorems 14.41 and 15. II we have 



(5.11) 



> 



OokH - Cikm.^{KH)2 + eoK{s)iKH)2 - 0((Ki/)3) 



Xii'i'^t) exp(aK^ K{s))'ip 



dx 



(5.12) 
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Using H5.8|l . H5.9|l . and H5.12|l . we therefore get, remembering that by l|4.34|l . we 

have \K'{s)\'^ < CK{s), 



U > 



> 



eoK{s){KHy/^ - Ca'^K\K'{s)f + 0{V^) + 0{kp) 



Xi^K'^t) exp{aK^ K{s))ip 



dx 



eo(l - a'C')K{s){KHf'^ + + 0{np) 



Xi{n'^t) exp(aK2 K{s))ip 



dx 



(5.13) 



We spht the integral on the right hand side in H5.13|l as 



n J {K(s)>S[p+K-^]} J{K(s)<S[p+K-^]} 

for some > 0. We will choose S sufficiently large below. 
By definition of we get 

P2I <C(Atp + ^/^)e2"^(i+^'')|l^||2 , 

If a is sufficiently small and S is sufficiently big, we have 



3i > (\/k + Kp) / 
J{ 



1 Xi(K4t)exp(2aK2i4:(s))|^/;(x)pda; 

if(s)>S[p+K"2]} 



(5.14) 



(5.15) 



Combining the estimates (|5.13|l . H5.14|l . (|5.15l) . and H5.11|l . we find (for a sufficiently 
small and 5 sufficiently big) 



/ ^ Xi(K^0exp(2aK3if(s))|V(x)|2dx < Ce^^^llV'lP 

J{K(s)>S[p+K-^\} 

Evidently, 

xl{n^t)eyi^{2aK^K(s))\%l^{x)\'^ dx < Ce"^^''|| V'lP 

{K{s)<Slp+K-i]} 

Combining H5.16|l and (|5.17|l finishes the proof of the theorem. 

6. An improved estimate on ||'0||r=o 



(5.16) 

(5.17) 

□ 



From the maximum principle, one gets that minimizers {'>jj,A) of the Ginzburg- 
Landau functional (|l.l|l satisfy the estimate |j'0||L°° < 1 independently of the values 
of K, H. When H is far below Hc^, that is a very useful estimate, but in the region 
near Hc^ , this estimate is far from optimal and it is interesting to have a better 
control of loo- 
Let us start by a non-rigorous argument which should give a limit on what one can 
hope to prove. 

Multiplying the GL-equation (|1.3|l by i/" and integrating, one gets 







Let S = — Xi{kHA) be the spectral distance, then one expects that 



^'11^112 « -'^11^112 , 



1^1 



2 

00 



(6.1) 



(6.2) 
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Therefore the GL-equation 1)6. 1|1 impUes that 

Unfortunately, it is difficult to justify the second estimate in (|6.2|l rigorously, so we 
will only obtain a somewhat less accurate estimate. 

Proposition 6.1. 

Let be a bounded, simply- connected domain with smooth boundary. Suppose that 
{ip, A)i^ H is a family of minimizers of the GL-functional with < p ~ Hc^ (k)— _ff = 
o(k), as k ^ oo. For all e > 0, 

imL^in) < C<5i/2«-H^ . (6.3) 
If fl satisfies Assumvtion M.Sl and p = 0{k^^), then (|6.3|l is improved to 

ML^(n) < C5^'^K-i+^ . (6.4) 
The proposition will be a consequence of the 
Lemma 6.2. 

Under the assumptions of the proposition, for all 61,62 > such that 61 < f + €2, 
there exists a constant C > 0, such that if 6 is the corresponding spectral distance, 
< (5 = - Xi{kHA), then 

X<C6^/'^n''+''^^+'\ (6.5) 

where X = HV'lloo cmd fi is defined by A/i — \\ip\\2- 
Proof of Lemma \6.<H 

Before we start the real proof, we state the basic inequalities that we will use. The 
estimates 

q.haW<'^'mi^ mt<^\mi, (6.6) 

Hi 

are easy consequences of (|6.1f) . Furthermore, from |HePal Prop. 4.2], we get the 
inequality 

W^^HA^Woo < CV^UWoo ■ (6.7) 

By the Sobolev inequality and interpolation, we get that for all > 2, < s < 1, 

A < qiiv-llk^.. < qi^llMlvi^lll^ + cii^IIp . 

We then use the diamagnetic and Holder's inequalities on the right hand side : 

\<CMl,-' - KHA)^\\; + CX^ii . 

Using (|4.6|l . with p = oo, we get that 

/i < Ck-^ . (6.8) 

So for K large enough, we obtain 

x<cMl-^ \\{-tV-KHA)ij\\;. 

We now apply Holder's inequality for each term of the right hand side : 

A<C{AP-4|l^||^}'^{||(-^V-«;i^l)V^||S„-2||(-^V-/^i^i')^||^}' . 



ON THE THIRD CRITICAL FIELD IN GINZBURG-LANDAU THEORY 



29 



We use (ESI) and (^21) to get 

A < C(AP-V'4)^(A''kV)^ = CX^'^^S^fiin'-^^ . (6.9) 
This implies that 

X<CS^fi^K^i?^-\ (6.10) 
Write = 1 + ei and = 2 + Then we find (E^J. □ 

Proof of Proposition 16'. il 

Applying (|6.8|l to (|6.5() . with ei = e, €2 = |, we find H6.3I) . If p = (^(K^a) and under 
Assumption 11.81 we can also apply the tangential Agmon estimates, Theorem 11.41 
and its corollary 14. 1 II with p = A, and therefore bound 

^l < CK"t . (6.11) 

This imphes H6.4|l . □ 
Remark 6.3. 

Using that < Hc^i^) — H = p, we get from Theorem \l.l\ that 

Bo 92 

Therefore Corollary and an elementary calculation gives 

5 = K^- [BokH - Cik^^^inHf'^ ~ 0{{nHY'^)] = 0{np) + O(V^) . (6.12) 
Therefore, l|6.3|) expressed in terms of p becomes 

m\L^(^)<C{4-pK' + . (6.13) 

Under Assumvtion M.lA and with p — 0{k^^), H6.4(I becomes 

Uh-m < C{Vp^-i+' + «-^+') . (6.14) 



7. Hc^iK) = Hc^in) FOR ALL DOMAINS. 

In this section we will prove Theorem ll.7l stating that the local and global upper- 
fields are equal — with no extra hypothesis on the domain Q. 



We know that Hcsin) > H]^^{k), so we only need to prove the opposite inequal- 
ity. Let H < Hcsii^)- We may assume that H > H]S^{fi), so that 

Xi{kH) > . (7.1) 

Furthermore, with [ip, A) being a minimizer of the Ginzburg-Landau functional, we 
may assume that 

^'11^112 > Q.hA^] ■ (7.2) 

We define 

A:=«2||^||2_Q^^^,[^] . (7.3) 
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Notice, that the GL-equation gives 

Wl-^. (7.4) 

Since Hc^ii^) > H > Hq^{k) and using the known asymptotics, Theorem ll.il 
we are in a situation where Corollary 14.31 can be appUed. Therefore, we get by 
with p = 4 

11^112 ^^Ck-^IIV'IU. (7.5) 

Coming back to (|7.4|l . we get 

||V'I|2 < C«-rtA3 . (7.6) 

We now estimate as in the proof of Theorem 14.131 (with the notation a and 
h — curlA — 1 as in that proof) 

< A < _ (1 _ p)\^{kH)\ UWl + p-\KHf f |aVl' dx , (7.7) 

for aU < p. 

Notice that, by eUiptic estimates, 

< ||$||tv2,2(j7) < C||6||2 , 
so (by the Sobolev estimates in 2-dimensions), ||a||4 < C||6||2, whereby 

{KHf\\d\\l < C{KHf\\cm\A - < CA . (7.8) 

Here we used that £i^^H[tp,A] < to get the last estimate. 
We now insert f^7% . (fTH) . and lf7?B|l in (fTTl) . 

0<A<[k'-{1- p)Xi{t,H)] ml + p-\KHf\\a\\lml 

< [k^ - Xi{kH)] + CpXi{kH)A^k-^ + Cp-^A— (7.9) 

Upon choosing p — \/Ak^^ , and using that Xi{kH) < Ck^, we find 

< A < [k^ - Xi{kH)] + CAn-i . (7.10) 

When K is so big that Ck^^ < 1, we therefore get 

< (1 - Ck--^)A < [k^ - Xi{kH)] Wi^Wl . (7.11) 

But this is in contradiction with the initial hypothesis (|7.1() . This finishes the proof 
of Theorem ll.7l 

□ 

Appendix A. General non-degenerate domains 

Assumption 11.91 is unnecessarily restrictive for some of our results. Consider 
the alternative setup given by Assumption II .8| In this appendix we will prove an 
asymptotics for the low lying eigenvalues of the magnetic Neumann operator on a 
domain Q satisfying Assumption ll.8l For convenience of comparison with the work 
|FoHe2| we consider the semi-classical asymptotics, i.e. we consider the operator 

ICh = i-thW - A)\ (A.l) 
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with Neumann boundary conditions, and will study the asymptotics of the spec- 
trum''^ {/^^"''(''-)}n^i of as /i ^ 0+. Here A is a vector potential generating a 
unit magnetic field, i.e. curl A = 1. It will be practical to have a globally defined 
choice of A, so we will work with the special choice A = ^{—X2,xi). 

Let S = J minj^fe \sj — Sk\ and let 7 : M/|9i7| 917 be the standard parametriza- 
tion of dQ. For j G {1, . . . , N}, let fi*^^^ be a bounded domain with smooth boundary 
satisfying that 

(1) There exists a (smooth) parametrization 7^^' of 917'-' such that 7(^'(s) — 
7(5 — Sj) for s e (—(5, S). 

(2) 7(^^(0) is the unique point of maximum curvature of dQ^^\ 

In particular, the domains ll^^' satisfy the Assumption II. 91 

Define K.'^^ to be the differential operator from (|A.ip defined on O^^' with Neu- 
mann boundary conditions, and let be the eigenvalues (in non- 
decreasing order) of IC\^'' ■ From |FoHe2| we get the following description of the 
/i("'j)(/i)'s. 

Theorem A.l. 

Suppose fl satisfies Assumvtion M.lA Let j G {1, . . . , N}. For aZ/ n e N \ {0}, there 
exists a sequence {Ci"'"''}fci C K (which can be calculated recursively to any order) 
such that 11^^^'^^ (h) admits the following asymptotic expansion (for h\0) : 

00 

^l^^'^\h) ^ Boh - fc^axCi/^i + Ciey^{2n - l)hi + ^ /^kf ''^ ■ 

(A.2) 

Furthermore, the coefficients {Cl"'''^}^^! '^'^c independent of the choice of Q^^'^ sat- 
isfying 0) and (0) above. 

Let now be the sequence of the {/i("'J)(/i)}, j = 1, . . . , AT, n = 

1, . . . ,cxD with multiplicity and in non-decreasing order. In this context, it is con- 
venient to consider the operator /C™™^ defined as JC^/^ © • • • © A^//^'' as an operator 
on ^^(Jl^i)) © • • • © L^(ri(^)). Then clearly il'^"-\h) is simply the n'th eigenvalue of 

^comb 

The main result of this appendix is the following theorem. 
Theorem A.2. 

Suppose that fl satisfies Assumvtion \l.fA With the above notation, we have for all 

nen\{0}, 

fj.'-''\h) - fi^^'^h) = 0{h°°) . 

By simple manipulations we convert the small h asymptotics to a large B asymp- 
totics. 

Corollary A. 3. 

Suppose il satisfies Assumvtion and let \i{B) be the smallest eigenvalue of 



^Clearly, as in Subsection lij.2l tliis is equivalent by scaling to the large B asymptotics of 
SpecW(S). 
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H{B). Then there exists a sequence {Cjjj^o ^ K such that for all M > 0, 

M 

\^{B) = Q^B-C^k^^^B"^ +Cit/Q'o^B-^ +B"^Y.^jB-i +0{B-'^). 

j=o 

(A.3) 

Proof of Theorem \A/0L 

We may choose 77 > such that 

B{^{sj),2ri) n B(7(sfc), 2r,) = for j ^ /c , 

B(7(s,), 277) n - 5(7(5^), 277) n . (A.4) 

Let <j)j be a smooth function satisfying 

(/)j(a;) = 1 on S(7(sj),??) , supp 0^ C 5(7(3^), 277) . (A.5) 

Let T/jjj"^ be the ?^'th eigenfunction of ICh- Furthermore, let Tp'^'-'"^ be the eigen- 
function of /c|f"'* corresponding to il^^\h), here j„ may depend on h. 

We may consider 4'j'4'h^'''"^ as a function on (extended by zero). By the Agmon 
estimates (in the fi^^^'s), we easily get 

iK^h^'"'' I ^/.^^^l"''"^) = '5,„,„A(")(/7) + 0(/l°°) . (A.6) 
Therefore, the variational characterization of eigenvalues gives 

/i(")(/7)</2^")(/7)+0(/7°°). (A.7) 

We now prove the opposite inequality. Define cj) = For G L^{Vt), we 

can naturally identify (pip with an element of ^^(ilf^') ® • • • © L2(ri(^)). We will do 
so without changing the notation. Using again the Agmon estimates (this time in 
fi), we see that 

I /cr^vv'l'"^) = <5m,„A'"^(M + ■ (A.8) 

Here the inner products on the left hand sides are the natural inner products on 

A second application of the variational principle therefore gives 

/2(")(/7) < ^l^''Hh) + 0{h°°) , (A.9) 
and finishes the proof. □ 

Appendix B. Boundary coordinates 
B.l. The coordinates. 

Let f2 be a smooth, simply-connected domain in R^. Let 7 : ]R/|9ri| ~* dfl be a 
parametrization of the boundary with |7'(s)| = 1 for all s. Let ^{s) be the unit 
vector, normal to the boundary, pointing inward at the point 7(3). We choose the 
orientation of the parametrization 7 to be counter-clockwise, so 

det {-f'is),iy{s)) = 1 . 
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The curvature k{s) of dfl at the point 7(5) is now defined by 

y'(s) = k{s)i^{s) . 

The map $ defined in the introduction, 

$ : ]R/|9f7| X (0,to) ^ 1^ , (B.l) 

{s,t)^j{s)+ti^{s), (B.2) 

is, when is suSiciently small, clearly a diffeomorphism with image 

$(E/|5r2| X (0,to)) = {x e r2|dist(x,91}) < to} =: . 

Furthermore, t(4>(s,t)) = t. 

If is a vector field on flt^ with B = curl A we define the associated fields in 
(s, i)-coordinates by 

t) - (1 - tk{s))Ams, t)) ■ 7'(s) , A2{s, t) = A{<^{s, t)) ■ v'{s) , (B.3) 

B{s,t)^B{^{s,t)) . (B.4) 

Then a^ij - 9*^1 = (1 - tk{s))B. Furthermore, for aU u g W^i'2(f}tJ, we have, 
with w = u o $, 

|(-iV- 1)^12^0; (B.5) 



{(1 - tk{s))-^ {-ids - Ai)v\^ + \{-idt - i2)w|^}(l - tk{s)) dsdt , 
\u{x)fdx= / |t;(s,i)p(l-ifc(s))(isdt . 



Lemma B.l. 

Suppose is a bounded, simply connected domain with smooth boundary and let to 
be the constant from (jB.l|) . Then there exists a constant C > such that, if A is a 
vector potential in with 

curl 1=1 ondfl, (B.6) 

and with A defined as in ljB.3|l . then there exists a gauge function (p{s, t) on M./\dil,\x 
(0, to) such that 

where 



and b satisfies the estimate, 

ll^llL~(R/|9O|x(0,ii)) ^ C\\cmlA- l||ci(0,„) • 

Furthermore, if [sq,si] is a subset ofW/\dQ\ with si — sq < \dfl\, then we may 
choose if on (so,si) x (0,to) such that 
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Proof. 

Notice first that 

/ Ai{s,0)ds= / A-^'{s)ds^ / cmlAdx . 
Jo Jo Jn 

Let us write 

i^ = cutIA~1, i/(s,t) = z^($(s,i)) , j>' = ^ . 

Then \\i>'\\L^ <C\W\\cHn,„) and 

dsA2-dtAi^ il-tk{s)){l + ti)') . 

Define 

ip{s,t)^ f A2{s,t') dt' + { f ii(s',0)ds'-s7o) . (B.9) 
Jo Jo 

Then is a well-defined continuous fmiction on ]R/|9r2| x (0,to). We pose A = 
A — Vif and find 



A{s,t) 



'A,{s,t)\ ^ fA,{s,t)' 
,M',t)) { 

dtA^is, t) = -(9,^2 - dtAi) = -(1 - tk{s)){l + tv') , 

ii(s,0) =70 . 

Therefore, 

A,{s,t) = 70 - i + - ft' {I - t'k(s))D'{s,t') dt' 



and we get (|B.7ll by applying I'Hopital's rule to the integral. 

In the case where we only consider a simply connected part (sq, si) x (0, to) of the 
ring R/|9r2| x (0,to), we have trivial topology and therefore any two vector fields 
generating the same magnetic field are gauge equivalent. Therefore the constant 
term, 70, can be omitted. From a more practical point of view, one can see that 
we can omit the term 570 in l|B.9p since we do not need to ensure periodicity of the 
function ip. 

□ 

B.2. The model operator. 

When considering functions localized near the boundary (i.e. t small), and after 
making a partial Fourier transformation in the s-variable, one is led from the qua- 
dratic form in l)B.5p to the study of a simpler operator on the half-line depending 
on a real parameter ^ 

HO--=-^ + {C + r)' , (B.IO) 

on L^(IR+, dr). The boundary condition at r = is the usual Neumann boundary 
condition. It is clear that this (self adjoint) operator is very important for the 
subject considered in the present paper, and it has been extensively studied. We 
will here recall the main spectral properties (see |DaHej and jBeSt| ) of h{Q. We 
denote by /i(C) the lowest eigenvalue of h{() and by ipt^ the corresponding strictly 
positive normalized eigenfunction. Then one has the following statements. 
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• The infimum, inf^gR inf Spec(/?,(C), is actually a minimuin; there exists < 
such that /u(^) decreases monotonically to a minimum value 5 < Oq < 1 
and then increases monotonically again. 

• eo = ^o'- 

We will write uo instead of (j}^^ and define 

= ^ . (B.ll) 
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